Abstract-This paper considers semi-global practical stability of a general time-varying, parameter dependent nonlinear system. A Lyapunov result for uniform semi-global practical stability of such a system is given. This sufficient condition is applied to a periodically time-varying system in the standard averaging form to obtain a sufficient condition on the averaged system for the time-varying system to be uniformly semiglobally practically stable. The sufficient condition requires the existence of a Lyapunov function that guarantees the semi-global practical stability of the averaged system, and is thus weaker than previous averaging based stability results which require the equilibrium of the averaged system to be exponentially or asymptotically stable. The proof is based on Lyapunov techniques, and does not depend on classical averaging results.
I. INTRODUCTION
The method of averaging is a widely used technique for the asymptotic analysis of time-varying nonlinear dynamical systems of the formẋ = ε f (t, x, ε). The solutions of the timeinvariant averaged system, obtained by averaging the right hand side of the original time-varying system over time, yield estimates for the solutions of the time-varying system over finite time intervals. Classical averaging results [1, Sec. 24] essentially state that the estimates obtained in this manner improve in accuracy as well as duration of validity as the parameter ε becomes smaller.
Applications of averaging to stability analysis rest on results such as Theorem 10.4 of [2] and Theorem 4.2.1 of [3] , which imply that an exponentially stable equilibrium of the averaged system is practically stable for the time-varying dynamics in the sense that the trajectories of the time-varying system can be made to converge to an arbitrarily small neighborhood of the equilibrium by choosing the parameter ε sufficiently small. The proofs of these results depend on a time-varying state transformation that transforms the timevarying dynamics to a perturbation of the averaged dynamics in which the perturbation is of higher order in ε.
As a departure from the state transformation approach of classical averaging theory, [4] used Lyapunov techniques to show that the weaker assumption of asymptotic stability for an equilibrium of the averaged system implies semi-global practical asymptotic stability of that equilibrium for the timevarying system. In the special case where the time-varying system is homogeneous, [5] showed that an asymptotically stable equilibrium of the averaged system is also locally uniformly asymptotically stable for the time-varying system. The results of [4] and [5] both use generalized Lyapunov results that do not require the Lyapunov derivative to be negative everywhere.
The result of [4] was also proved in [6] without using Lyapunov techniques. Instead, [6] exploited the fact that solutions of the time-varying system converge uniformly to solutions of the averaged system on compact time intervals as the parameter ε approaches zero. In fact, [6] showed that, more generally, whenever the solutions of a parameter dependent system converge uniformly to solutions of a parameter independent system on compact time intervals as the parameter approaches zero, then a globally uniformly asymptotically stable equilibrium of the parameter independent system is semi-globally practically stable for the parameter dependent system.
In this paper, we use Lyapunov techniques to prove semiglobal practical stability of an equilibrium of the timevarying system under assumptions on the averaged system that are weaker than exponential or asymptotic stability.
In Section II, we consider uniform semi-global practical stability of a general nonlinear, time-varying, parameter dependent system. Essentially, semi-global practical stability of a state means that, given an arbitrarily large set V and an arbitrarily small open neighborhood U of the state, trajectories that start in V are uniformly bounded and eventually enter and remain in U for sufficiently small values of the parameter. We give a Lyapunov based sufficient condition for a state to be uniformly semi-globally practically stable.
In Section III, we apply the Lyapunov result of Section II to a periodically time-varying system in the standard averaging form to obtain a sufficient condition on the averaged system for the time-varying system to be uniformly semiglobally practically stable. The sufficient condition assumes the existence of a parameter independent Lyapunov function that guarantees semi-global practical asymptotic stability of the equilibrium for the averaged system. Our proof does not involve approximating trajectories of the time-varying system by those of the averaged system using classical averaging results. Instead, our proof involves constructing a time-varying Lyapunov function for the time-varying system from the time-invariant, parameter independent Lyapunov function of the averaged system. A special case in which the assumption of existence of such a Lyapunov function holds is when the averaged system is a higher-order (in the averaging parameter ε) perturbation of a system having a locally asymptotically stable equilibrium. This special case of our result is illustrated by an example in Section IV.
II. SEMI-GLOBAL PRACTICAL STABILITY
Let D ⊆ R n be an open set homeomorphic to R n . Consider the parameter-dependent time-varying dynamical system on D described byẋ
where g : R × D × (0, ∞) → R n is continuous, the third argument of g being the parameter. We assume that the solutions of (1) define a continuous time-and parameterdependent flow φ :
is the unique solution of (1) satisfying the initial condition
Next, we define uniform semi-global practical stability for a state of the system (1).
Definition 2.1:
The origin is uniformly semi-globally practically stable in D for the dynamical system (1) 1) (Uniform boundedness) φ ε (t,t 0 , x) ∈ W for every t ≥ t 0 and x ∈ V . 2) (Practical stability) φ ε (t,t 0 , x) ∈ U for every t ≥ t 0 and x ∈ Q. 3) (Practical convergence) There exists h > 0 such that φ ε (t,t 0 , x) ∈ U for every t > t 0 + h and x ∈ V . Note that Definition 2.1 does not require the origin to be an equilibrium of (1). Definition 2.1 is equivalent to the definition of semi-global practical asymptotic stability given in [4] as well as the definition of practical global uniform asymptotic stability given in [6] . However, Definition 2.1 is not the same as the definition of practical stability given in [7, Sec. 25] , [8] and considered, for instance, in [9] . The definition of practical stability given in [7] , [8] applies to parameter independent systems and involves fixed bounds on the initial states and the resulting trajectories rather than arbitrarily specified bounds such as the sets U and V as in Definition 2.1.
Our first result gives a sufficient Lyapunov condition for the origin to be uniformly semi-globally practically stable. Before stating the result, we recall that a function U :
wherever the limit in (2) exists. If V is continuously differentiable in t and x, then L g V is defined everywhere, and equals 
for every ε ∈ (0,ε], x ∈ W \Q and t ≥ 0. Then, the origin is uniformly semi-globally practically stable in D for the system (1). Proof: Let U ⊆ D be an open neighborhood of 0 and V be a bounded open neighborhood of 0 such that V ⊆ D. Without any loss of generality, we will assume that U is bounded and U ⊂ V . For every ε ≥ 0, we denote by V ε the map (t, x) → V (t, x, ε).
Let M 1 be the maximum value of the continuous function
Let m 0 be the minimum value of the continuous function
There existsε > 0 and γ > 0 such that, for every ε ∈ (0,ε), x ∈ W \Q, and t ≥ 0, (3) and (4) hold.
Let m 1 be the minimum value of the continuous function U 1 on the compact set W \Q. Since U 1 (x) > 0 for every x ∈ D\{0}, it follows that m 1 > 0. Let M 3 be the minimum value of the continuous function U 3 on the compact set W \Q. Since U 3 is positive definite, it follows that M 3 > 0.
Let ε ∈ (0,ε), t 0 ≥ 0 and x ∈ V . We claim that φ ε (t,t 0 , x) ∈ W , for every t ≥ t 0 . To arrive at a contradiction, suppose there exists h > t 0 such that φ ε (h,t 0 , x) ∈ D\W . By continuity, there exists
which contradicts our choice of M 0 . Hence, the supposition that there exists an h > t 0 such that φ ε (h,t 0 , x) ∈ D\W is false, and 1) of Definition 2.1 holds for the system (1). Next, let ε ∈ (0,ε), t 0 ≥ 0 and x ∈ Q. We claim that φ ε (t,t 0 , x) ∈ U for every t > t 0 . To arrive at a contradiction, suppose there exists t 1 > t 0 such that φ ε (t 1 ,t 0 , x) / ∈ U . Since φ ε (t 0 ,t 0 , x) ∈ Q, by continuity, there exists t 2 ∈ [t 0 ,t 1 ] and
This contradiction with our choice of M 2 implies that our supposition that there exists t 1 > t 0 such that φ ε (t 1 ,t 0 , x) / ∈ U is false. Thus, 2) of Definition 2.1 holds.
Next, let ε ∈ (0,ε), t 0 ≥ 0 and x ∈ V \Q. We claim that there exists h > t 0 such that φ ε (h,t 0 , x) ∈ Q. To prove our claim, let h > t 0 be such that, for every s ∈ [t 0 , h], φ ε (s,t 0 , x) / ∈ Q. Uniform boundedness, which we have already shown to hold, implies that φ ε (s,t 0 , x) ∈ W for every s ≥ t 0 . It follows that −U 3 (φ ε (s,t 0 , x)) ≤ −M 3 and U 1 (φ ε (s,t 0 , x)) ≥ m 1 for every s ∈ [t 0 , h]. Using (3) and (4) we may write
It follows that h
. Our choice of M 0 and m 1 implies M 0 > m 1 . We conclude that there exists
such that φ ε (h 0 ,t 0 , x) ∈ Q. It now follows from practical stability that φ (t,t 0 , x) ∈ U for every t > h 0 . Consequently, 3) of Definition 2.1 holds.
We have shown that, for every pair of open sets U and V as in Definition 2.1, there existε > 0 and open sets W and Q such that Definition 2.1 holds. Hence uniform semi-global practical stability follows.
In the next section, we will apply Theorem 2.2 to obtain a sufficient condition for the semi-global practical stability of periodic systems using averaging.
III. SEMI-GLOBAL PRACTICAL STABILITY VIA AVERAGING
Consider the time-varying dynamical system described bẏ
where x ∈ D, and f : R × D × [0, ∞) → R n is continuous, periodic in t with period T , and twice continuously differentiable in x.
By properties of the integral [10, Thm. 3.4] , f av is also jointly continuous in x and ε, and twice differentiable in x. The averaged system associated with (5) is the dynamical system described byẋ
We make the following assumption on (7). 
Theorem 2.2 can be used to show that, under Assumption 3.1, the origin is uniformly semi-globally practically stable in D for the averaged system (7). It should be noted, however, that Assumption 3.1 does not imply asymptotic stability of the origin for the averaged system, nor does it require the origin to be an equilibrium of (5) or (7).
Our next result states that Assumption 3.1 on the averaged system (7) implies uniform semi-global practical stability for the original time-varying system (5). 
where
For every ε ≥ 0, we denote by W ε the map (t, x) → W (t, x, ε). Q is differentiable in x and jointly continuous in t, x and ε by properties of the integral, and periodic in t with period T . Let M 1 be the maximum value of the continuous function
. Let m 1 be the minimum value of the continuous function V on the compact set W \Q. Since V (x) > 0 for every x ∈ D\{0}, it follows that
Hence, for every t ≥ t 0 , x ∈ W \Q, and ε ∈ (0,ε 2 ), it follows that
There existsε 3 ∈ (0,ε 1 ) such that (1 − β )m 1 −ε 3 M 1 ≥ 0. It follows that, for every t ≥ t 0 , x ∈ W \Q, and ε ∈ (0,ε 3 ),
, by our choice ofε 3 . Hence, for every t ≥ t 0 , x ∈ W \Q, and ε ∈ (0,ε 3 ), it follows that ε) ], the derivative of W ε along the trajectories of (5) satisfieṡ
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Chooseε > 0 such thatε < min{ε 1 ,...,ε 4 }. It follows from (9), (10) and (12) that W satisfies (3) and (4) for every x ∈ W \Q and ε ∈ (0,ε] with U 1 = βV , U 2 = αV , U 3 = U, and η(ε) = ε. Hence Theorem 2.2 implies that the origin is uniformly semi-globally practically stable for the system (5).
The following corollary of Theorem 3.2 concerns the special case in which the averaged system (7) is a higher order perturbation of a system for which the origin is an asymptotically stable equilibrium. The proof of the corollary involves showing that such a perturbed system satisfies Assumption 3.1.
for every x ∈ D and ε ≥ 0, where f 1 : D → R n and f 2 : D × [0, ∞) → R n are continuous. If the origin is an asymptotically stable equilibrium for the systeṁ
with the domain of attraction D, then the origin is uniformly semi-globally asymptotically stable in D for (5) . Proof: Suppose the origin is an asymptotically stable equilibrium for the system (13). By Theorem 3.2 of [11] , there exists a proper, smooth function V :
Choose α ∈ (0, 1), and let W ⊂ R n and Q ⊆ R n be open neighborhoods of 0 such that W is bounded and W ⊂ D. Let M ≥ 0 be the maximum value of the continuous function
Let m < 0 be the maximum value of the continuous function L f 1 V on the compact set W \Q. There existsε ∈ (0, 1) such that (1 − α)m +εM < 0. Then, for every ε ∈ (0,ε) and
. Thus V satisfies Assumption 3.1 with U = −αL f 1 V . The conclusion now follows from Theorem 3.2.
IV. ILLUSTRATIVE EXAMPLE Consider a dynamical system described by the equation
Using x 1 = θ and x 2 = 1 εθ − sin θ cost as state variables, we may write (14) in the form (5) , where x ∈ R 2 and the ε-independent function f : R × R 2 → R 2 is given by
The function f is periodic in t with period 2π. The function f av : R 2 → R 2 which defines the corresponding averaged system (7) is given by f av (x, ε) = f 1 (x, ε) + ε f 2 (x, ε), where
The origin is an asymptotically stable equilibrium for the system (13) when f 1 is given by (16). To show this, let V : (−π, π) × R → R be the candidate Lyapunov function defined by
Clearly, V (x) is positive for every nonzero x ∈ (−π, π) × R. The derivative of V along the trajectories of (13) is given byV (x) = −kx 2 2 , which is negative semi-definite. Let S = {x ∈ R 2 :V (x) = 0}. Clearly, S = {x ∈ (−π, π) × R : x 2 = 0}. Sinceẋ 2 = 0 for every x ∈ S \{0}, it follows that no nontrivial solution of (13) can remain in S . Hence, by LaSalle's invariance theorem [2, Cor. 4.1], the origin of (13) is asymptotically stable. If D ⊆ R 2 is the domain of attraction of the origin for the system (13), then Corollary 3.3 implies that the origin is uniformly semi-globally practically stable in D for the system (14).
V. CONCLUSION AND FUTURE WORK
We provide an averaging based result for the stability analysis of time-varying systems that may be used in applications where the equilibrium of the averaged system is not exponentially or even asymptotically stable, and previous averaging based stability results fail to apply. Our result shows that the existence of a Lyapunov function that guarantees semi-global practical stability for the averaged system is sufficient for the semi-global, practical stability of the original time-varying system. Ongoing work is aimed at obtaining a converse result that guarantees the existence of such a function when the averaged system is itself semi-globally practically stable.
